Magnetization reversal of uniaxial Stoner particles under the Slonczewski spin-transfer torques of polarized electric currents is investigated. Based on the modified Landau-Lifshitz-Gilbert equation of magnetization dynamics, the theoretical limit of critical currents required to reverse a magnetization with an arbitrary polarized current is obtained. Under a constant polarization degree and constant current amplitude, the optimal current pulse for the fastest magnetization reversal is derived. These results can be used as benchmarks to evaluate different reversal strategies besides other possible usages. [3, 4] is well established, the manipulation of the magnetization dynamics by a spin-polarized electric current [5] [6] [7] [8] [9] [10] is not thoroughly understood despite its importance in spintronics due to the low power consumption and the locality of currents. The spin-transfer torque from spin-polarized electric currents was independently suggested [5] by Slonczewski and Berger in 1996, and was verified by experiments [8] . Important issues are to lower critical currents required to reverse a magnetization [10] and to design a current pulse such that the magnetization can be switched from one state to another fast. Many reversal schemes [9, 10] have been proposed and examined. However, the theoretical limit of critical currents required to reverse a magnetization with an arbitrary polarized current is yet to be found. Consequently, other than comparing one reversal scheme with another, one has no objective criteria in evaluating an infinite number of possible reversal schemes. Neither one knows how much more critical currents could be lowered. The question of the optimal current pulse for the fastest magnetization reversal is also unknown. Finding these criteria forms the main topic of this Letter.
The advent of miniaturization and fabrication of magnetic particles at the nanometer scale [1] (called Stoner particles, where strong exchange interactions keep the magnetic moments of atoms rigid) makes the StonerWohlfarth (SW) problem [2] very relevant to nanosciences and nanotechnologies. While the magnetization dynamics under magnetic fields [3, 4] is well established, the manipulation of the magnetization dynamics by a spin-polarized electric current [5] [6] [7] [8] [9] [10] is not thoroughly understood despite its importance in spintronics due to the low power consumption and the locality of currents. The spin-transfer torque from spin-polarized electric currents was independently suggested [5] by Slonczewski and Berger in 1996 , and was verified by experiments [8] . Important issues are to lower critical currents required to reverse a magnetization [10] and to design a current pulse such that the magnetization can be switched from one state to another fast. Many reversal schemes [9, 10] have been proposed and examined. However, the theoretical limit of critical currents required to reverse a magnetization with an arbitrary polarized current is yet to be found. Consequently, other than comparing one reversal scheme with another, one has no objective criteria in evaluating an infinite number of possible reversal schemes. Neither one knows how much more critical currents could be lowered. The question of the optimal current pulse for the fastest magnetization reversal is also unknown. Finding these criteria forms the main topic of this Letter.
The itinerant electrons can mutually interact with local magnetic moments. Giant magnetoresistance is about the action of a magnetic moment on the electric currents, and the influence of the current on the magnetic moment is the subject of spin-transfer torque (STT). Consider a spinpolarized electric current entering into a Stoner particle with magnetizationM, the polarized electrons transfer their spin angular momenta toM, resulting in STT [5] . Theoretical studies [5] [6] [7] show that the STT ÿ is proportional to the current with following form:
wherem,ŝ are the unit vector ofM and polarization direction of the electric current, respectively. In the expression, V, @, 0 , and e denote the volume of the magnetic nanostructure, the Planck constant, the vacuum magnetic permeability, and the electron charge, respectively. 2:21 10 5 rad=s=A=m is the gyromagnetic ratio. The exact microscopic formulation of the STT is still a subject of debate [6, 7] . Different theories provide different expressions for function g depending on the degree of the polarization P of the current and relative angle betweenm andŝ. Many experimental investigations [8] so far are consistent with the result of Slonczewski [5] which will be used throughout this study,
The magnetization dynamics ofM under an effective magnetic fieldh t and a polarized current is governed by the modified Landau-Lifshitz-Gilbert (LLG) equation [6] with an additional term due to the STT of Eq. (1). The dimensionless form of the LLG equation is (3) is very different from that without this term which describes a Stoner particle in a magnetic field only. The particle energy can only decrease in a static magnetic field since the field cannot be an energy source [4] . However, a polarized electric current can pump energy into the magnet, resulting in very rich physics [6] . According to Eq. (3), m undergoes a precessional motion around fieldh 1 and a damping motion toward a different fieldh 2 . Equation (3) is a first order of differential equation, and there is no concept of inertial in terms of magnetization velocity. The magnetization obtains its velocity instantaneously from STT or fields (infinite acceleration). Equation (3) is the starting point of most recent theoretical and experimental works.m can be conveniently described by the polar angle and the azimuthal angle in the spherical coordinate (Fig. 1 ). The problem of using an STT alone (h 0) to reverse a magnetization is as follows: Consider a magnetic nanoparticle with a given Gilbert damping constant and the anisotropy wm. In the absence of a polarized current,m has two stable directions, 0 and , along its easy axis (z axis). The goal is to reverse the initial state (say 0) to the target state, , fast by using a proper polarized electric current pulse. Obviously, there are an infinite number of paths that connect 0 to . L1 and L2 in Fig. 1 are two examples. Each of these paths can be used as a magnetization reversal route (path). For a given reversal route, there are an infinite number of polarized current pulses that can reverse the magnetization. An interesting question is whether the best reversal path exists so that the reversal time is the shortest for a constant current amplitude I and a constant degree of polarization P of the current. Another issue is what is the smallest polarized current (theoretical limit of critical currents) out of all possible reversal current pulses.m satisfies nonlinear equation Eq. (3) whose solution for an arbitrary time-dependent current is in general difficult to find. However, its inverse problem is simple. Namely, for a given reversal process, the corresponding required polarized current can be trivially obtained from Eq. (3). Thus, answers to the above two questions can be found. To show how one can obtain these answers, we consider uniaxial particles of magnetic anisotropy w wm z with its easy axis along the z direction so thath i fcosẑ. Letê r ,ê ,ê be the three spherical unit vectors ofm, soh i ÿf sinê f cosê r . In terms of and , Eq. (3) can be written as
Here s , s , s r are theê ,ê , andê r components ofŝ. It is important to define rigorously and precisely critical currents and the theoretical limit of critical currents first. Assume C L;q tŝt to be the polarized electric current pulse of design q along magnetization reversal route L and C L;q t to be the current amplitude, three interesting quantities can be defined as follows:
Switching current I L;q .-The switching current I L;q of design q along route L is defined to be the maximum of jC L;q tj for all t, I L;q maxfjC L;q tj; 8 tg.
Critical current I L of reversal route L.-The critical current along route L is defined to be the smallest value of I L;q for all possible designs q that will force the magnetization to move along L, i.e., I L minfI L;q ; 8 qg.
Theoretical limit of critical currents I c .-The critical current limit I c is defined as the smallest value of I L out of all possible routes, i.e., I c minfI L ; 8 Lg. With these definitions, we present our results and proofs.
Claim 1.-Under the constraint of the constant current magnitude and constant polarization degree P, the optimal time-dependent polarization direction of the current is
such that the reversal time from 0 to is the shortest.
Proof.-According to Eq. (4), differentŝt generates different angular velocities for and . Thus, the magnetization reversal time from 0 to is given by T R 0 d= _ . To find the optimalŝt that minimizes T, one only needs a I s ÿ s or gP; s r s ÿ s to be maximum such that _ , according to Eq. (4) 
where
and the optimalŝ is given by Eq. (5). 
Q.E.D. Claim 2.-The theoretical limit of critical currents is
I c 0 eM 2 V @GP 1 2 p Q:(8)
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Here Q maxffcos sing for 2 0; , and GP is given by Eqs. (5) and (7).
Proof.-Under the optimal design of Eq. (5), t and t satisfy, respectively,
For a uniaxial model, the critical current limit I c can be obtained by setting the smallest value of _ [Eq. (9) ] to 0 in an optimal pulse. This is because _ cannot be negative if the magnetization of a uniaxial particle moves from 0 to . Therefore, the first term in Eq. (9) must exceed the second term due to magnetic anisotropy for all 's ( 2 0; ) in a reversal. This simplicity for a uniaxial model comes from the independence of Eq. (9). Since Eq. (9) is the largest velocity for an arbitrary under the best choice of the polarization direction of a current, the critical current limit should be the one when the smallest _ (for all ) is zero. Thus the critical current limit is Eq. (8). Q.E.D. It is proper to make a few remarks here. (i) According to Eq. (5), s r ÿ1 and s s 0 when P 1. Then it seems that _ 0 at 0 and according to Eq. (4). But this is not correct since a I diverges at s r ÿ1 for P 1. In fact, _ diverges under the limit of s r ! ÿ1 at P 1. This peculiar feature of Slonczewski's formula [Eq. (2)] may be an artifact which is a subject of debate [7] . (ii) An optimal pulse amount is used to switch magnetization of a nanomagnet by keeping the polarization of the current fixed with respect to the magnetization being switched. (iii) Although the optimalŝ appears to depend only on damping constant and P, not on fcos, it is in fact time dependent becauseŝ is expressed in a moving frame whose coordinate unitsê r ,ê ,ê vary with the time. (iv) From Eqs. (9) and (10), the optimal reversal route is given by
Thus, a solution passing through 0 and simultaneously exists when and only when I > I c . For I < I c , the system undergoes a stable precession motion [6] [ satisfies I=I c fcos sin=Q] even under a pulse of Eq. (5). The evolution ofm under the optimal polarization pulse (meaningful only for I > I c ) can be found by simply solving _ Q=1 2 I=I c ÿ fcos sin=Q and _ fcos=1 2 . It is clear that magnetic anisotropy fcos shall influence the evolution ofm which in turn influences the time dependence ofŝ . Thus, if they were to change fcos and nothing else, the time-dependentŝ would be different.
One notices that the derivation of I c [Eq. (8)] does not require constant I and P. The result should be the same even for a time-dependent I and P as long as STT is proportional to I and g. To see how far that the best value of critical currents in the most advanced strategies [10] with the fixed current polarization direction is from the theoretical limit, let us compare it with the critical current limit of Eq. (8) for wm ÿkm 2 z =2. For this magnetic anisotropy, the theoretical limit of critical currents is I c 0 eM 2 V=2@GP= 1 2 p k. It is known [10] that the critical current for the polarization directionŝ parallel to the easy axis ofm (parallel configuration) is smaller than that whenŝ is perpendicular to the easy axis (perpendicular configuration). The critical current in the parallel configuration for the same magnetic anisotropy is [5, 10] Figure 2 is the plot of I c versus damping constant for P 0:4 which is a realistic value for magnetic materials. The dashed line is of Eq. (11), and the solid line is the theoretical limit of the critical current which saturates to a constant at large limit. At 0:1, critical current limit I c is about one fourth of that given by Eq. (11), showing a large room for the improvement. The difference between Eqs. (8) and (11) depends on the degree of polarization P. Figure 3 is I c vs P at 0:1. It should be pointed out that zero I c in Eq. (8) at P 1 is an artificial result originated from the divergence of g1; x at x ÿ1 in the Slonczewski's theory [5] . This divergence is removed in other formulations of g [7] . For wm ÿkm 2 z =2, it is straightforward to integrate Eq. (9), and obtain the reversal time T from 0 to [I c is given in Eq. (8)],
In the weak damping limit ( ! 0) or large current limit (I ! 1), T / =I. To have an idea about the order of magnitudes for the critical current limit and the time scale considered here in a realistic setup, let us consider a Co nanostructure [10] of 3 nm thick and lateral dimension of 30 60 nm 2 . Other parameters [10] . Using parameters from Ref. [11] , the theoretical limit is about I c 1 mA against an experimental value of about 8 mA [11] . The switching time from Eq. (12) is about 0:001 s at I 3 mA which should be compared with an experimental switching time of 0:1-1 s at I 8 mA. This comparison shows that there is much room to be improved in experiment.
Although our results are obtained for uniaxial Stoner particles with a specific function of g, the basic ideas and approaches can in principle be generalized to the nonuniaxial cases with other g functions. The results are also applicable to the case of nonzero static external magnetic field since one could addh toh i by modifying the anisotropy energy density. To lower critical currents to its theoretical limit, one needs to find a way to generate an arbitrary spin-polarized electric current. This is an experimental challenge which may be realizable by using the socalled ''spin-flip transistor'' [12] . Another possible way to generate a desired current is through controlling the motion of the magnetization of the thick magnet in the conventional double sandwiched magnetic pillar [10] . The significance of our results is, however, that they provide benchmarks in evaluating a strategy so that we know how far the critical current in the strategy is from the theoretical limit, and how fast one may further increase in the magnetization reversal for a given electric power. From the results, one can also understand why any breakthrough in the spin-polarized current generation shall lead to the great leap forward in magnetization manipulation. It should also be pointed out that a real magnetization reversal is always done at a finite temperature. Strictly speaking, all quantities defined here at the finite temperature are meaningful only in the statistical sense. In general, thermal agitation can lower the critical switching field and current by thermally activating the system to cross the potential barrier [9] .
In conclusion, we found the theoretical limit of critical currents which is far below the lowest critical current known today, showing a large room for future improvement. For a constant current amplitude and its polarization degree, an optimal time-dependent current polarization is obtained such that the magnetization reversal time is the shortest.
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